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utt −Δu− αΔut = f, x ∈ (−∞, 0]× Rd−1, t > 0, α > 0,
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(0, ·) = 0.
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ρui,tt = ∂jσ0ij(u) + ∂jσ
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ij(ut) + fi, x ∈ (−∞, 0]× Rd−1, t > 0,
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0 ≤ u ⊥ ux1 + αux1t ≥ 0. (+)
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(u) + σ1ij,xj(ut) + fi, x ∈ Ω, t > 0. ()
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nδikδjl, n = 0, 1.
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) ≤ 0 on Σ× [0,∞), (,)
σ012(u) + σ
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13(ut) = 0 on Σ× [0,∞), (,)
u(·, 0) = v0 and ut(·, 0) = v1. (,)
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utt −Δu − αΔut = f, x ∈ Ω, t > 0, ()
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Qτ = Ω× (0, τ) and Iτ = Σ× (0, τ), ∀τ ∈ (0,∞). (1)
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ut ∈ L2 ([0,∞);H1(Ω)), (2)
utt ∈ L2 ([0,∞);L2(Ω)), (2)
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((utv)(·, τ)− (u1v)(·, 0)) dx−
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(|∇u0|2 + |u1|2) dx.
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|∇φ∇u| dx dt + α
∫
Qτ
|∇φ∇ut| dx dt +
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|φf | dx dt.
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fΔu dx dt. (B)
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|Δu|2 dx dt ≤ C(1 + τ).
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v(x1, ·, ·) = ϕ(x1)u(x1, ·, ·). (+)





Δv = ϕΔu + 2ϕx1∇u + ϕx1x1u, (1)
Δvt = ϕΔu
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w = vt and g
 = g˜  + Δv. ()
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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 (0, τ) 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 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 3	 |gwt | 
    






















  C∞0 (R)9 ∇w(·, 0) = ϕx1u1 + ϕ∇u1  
	
  
 L2(Ω) * g   	
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 Δw9 %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|Δw|2 dx dt =
∫
Qτ
gΔw dx dt. ()
6"  3	 |gΔw| 
     |g|2/2γ + γ|Δw|2/29 
  " %
















|∇w(·, 0)|2 dx. ()
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 g 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  C∞0 (Ω¯× [0,∞))9 % 
'   	  
 [0, 1] *	 3 
 ()  (v−u)ϕ 
  
 






































(∇u + α∇ut)∇(ϕ(v − u))dx dt ≥
∫
Qτ




" " : 9 1 
 2      3   .  	7	
9
  
  u9 	 
u ⇀ u in L2
 
([0,∞);L2(Ω)) weak ∗, (+)
ut ⇀ ut in L
∞
 
([0,∞);L2(Ω)) weak ∗, (+)
∇u ⇀ ∇u in L2
 
([0,∞);L2(Ω)) weak ∗, (+)
Δu ⇀ Δu in L∞
 
([0,∞);L2(Ω)) weak ∗, (+)
∇ut ⇀ ∇ut in L2 ([0,∞);L2(Ω)) weak ∗ . (+)
;<
  / QR = {x : x1 < 0, |x′| ≤ R} × [0, R] 6
'    
3
 33  "  
> 




 "  R > 09    
 " u 




 L2(QR)D "9 % 
 3       
    "
() .3 3   < % 
: 	 3  ut   
 
		 " [0,∞)  L2(Ω) 7	 33 %   %'
3/ %  
" "    " :   "  β > 09 utt  




([0,∞);L2((−∞,−β]× Σ))D "     3 
 
ut 
   "	
 
 ut %   
  x1 < −β   
 
		 " [0,∞)
 L2((−∞,−β] × Σ) : tj ∈ [0,∞)   7	
 
 




([0,∞);L2(Ω))9 %  .  	7	
9   
  tj 9
	 
ut(·, tj) ⇀ z in L2(Ω) weak.
	  
 "  β > 09
ut(·, tj)1{x1<−β} → ut(·, t∞)1{x1<−β} in L2(Ω) weak,
%   z 	  
  %  ut(·, t∞)9 




  ut(·, t∞)D   3  ut   
 
		 " [0,∞)  L2(Ω) %'
: 	 3 
%  ut(·, t) 
 %'  ut(·, t) "  t > 0/  γ  

  3   
	D  z 
  L2(Ω)D 
  C1   
 	33 	









9 " t ∈ [0, T ]∣∣∣∣∫
Ω
(ut(·, t)− ut(·, t))z dx
∣∣∣∣ ≤ ∣∣∣∣∫
x1<−β
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 " %  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  t ∈ [0, T ] ! 	L "   
   
 <  
    









utz dx   	
 " 





  09     3 
  "  τ > 09∫
Ω
utϕ(v − u) dx→
∫
Ω
utϕ(v − u) dx.
: 	 	
 
%   ∫
Qτ
ut(ϕt(v − u) + ϕ(vt − ut)) dx dt.
!    ∫
Qτ
ut(ϕt(v − u) + ϕvt) dx dt→
∫
Qτ
ut(ϕt(v − u) + ϕvt) dx dt.
6  




















|ut − ut|2ϕdx dt.
: γ  
 3   
	   
" "     |ut|L2(Iτ ) 













|ut − ut|2ϕdx dt ≤ C22β.
  β    C22β ≤ γ/2D 
 % '
% "    " :
2 
      
 " u  {x1 < −β}  
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 3 ϕ  ϕR  
    
  
7	  % ϕR   7	  1  
 QR 
 
  	  " QR+1 !   3 
   R → ∞     

() 
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 %  
 	     33  
  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 	  u0   H
5/2(Ω) 	 	  
  z ∈
H3(Ω × [0,∞)) 	 
   t 	 	
 	 










5/2(Rd)/   	
 " Ω  
9   .
 
    
7	
 "   	 
 & 3 6





  H3(Rd× [0,∞)) %    u0 ! 	L

%    	J "	
 
 ϕ ∈ C∞([0,∞)) %    7	  1 





 z     
 " ϕZ  Ω× [0,∞) 

 		  u0   H
5/2(Ω) u1   H
1(Ω) 
 f  
L2
 
([0,∞);L2(Ω)) * z 
   
 $+, 






  u¯(0, ·, ·) = z(0, ·, ·) "	 	 
 g¯ =
−(u¯x1 +αu¯x1t)(0, ·, ·)    




-  f  






 	   τ 
! 6 "	
 
 ζ = u¯− z  <  7	 

ζtt −Δζ − αΔζt = F, x ∈ Ω, t > 0, (2)
% F = f − ztt + Δz + αΔzt9 %   
   
ζ(·, 0) = 0 and ζt(·, 0) = u1,

  ;   	
 
  
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 	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 ∇ζt  	
  
 L∞([0,∞);L2(Ω)) 6" % 
	  ζx1t(0, ·, ·) 
 ζx1(0, ·, ·) 







  "  	33  
   " f   	
9  
 "  3    
 # $%
	   	
  H   3 	 
 	  
  
 % 3  u   

 	 
 " () (+) A9 % 
  
 	 




: ν   3   
	 ;
  v = exp(−νt)(u − u¯)  	 
 "
(ν + ∂t)
2v − (1 + α(ν + ∂t))Δv = 0, x ∈ Ω, t > 0, ()
(1 + α(ν + ∂t))v

x1(0, ·, ·) = e−νtg¯ − (v(0, ·, ·) + e−νtu¯(0, ·, ·))−/
, ()
v(·, t) = 0 and vt (·, t) = 0. ()
 
  ξ = (ξ2, ..., ξd)
T





 t 6 	  




"  	  
"  




′+ωt)u(0, x′, t) dx′ dt.
6
 u(0, x′, t) 
   & 3 Ha,b
 
(Rd−1 × [0,∞))9 (a, b) ∈ R29  J
|ξ|aû(0, ξ, ω) 
 |ω|bû(0, ξ, ω) 
  L2(Rd)












|ξ|2 + (ν + iω)
2




 λ̂    	  
 




|ξ|2 + (ν + iω)
2
1 + α(ν + iω)
;
	 λ̂   3   
  % " 3
 (ω) < 0 
 λ̂ ≥ 0 " (ω) = 0
6 
 	 
 " ()    
  âe
bλx1 + b̂e−bλx1 D  
 % 3" 
	  
" 
 v9 % 	  3    v 
 v̂  3 3 
   
 (x′, t) 
 (ξ, ω)  '    b̂e−bλx1 
  3 
  "
1
b̂    
<
   "9 
  
   	  	 "  x19    3  
b̂ 
 9  3"        
  
  
 ?@D % 	   	 





((1 + α(ν + ∂t))v

x1
)̂(0, ξ, ω) = λ̂1v̂
(0, ξ, ω), (B)
% λ̂1 = (1 + α(ν + iω))λ̂ ;<

g(x′, t) = e−νtg¯(x′, t) and h(x′, t) = e−νtu¯(0, x′, t)




λ1 ∗ w = g + (w + h)−/
, (,)
% w 
  "  t ≤ 0
 	 #  
 	
 λ̂  













    u 	 	

u(0, ·, ·) ⇀ u(0, ·, ·) weakly in H1/2,5/4
 
(Rd−1 × [0,∞)).
- u  
    ()(+)
! 9 % 	 3 (,)  α(νw + wt) + w

9 
 %   
3	 J
    
























(w + h)−(1 + α(ν + ∂t))w dx′ dt.
(+)
& 
 (u(0, ·, ·))−/√
   	
  
  3 L∞
 
([0,∞);L2(Rd−1))9  	
	 "  
  
  
    








λ̂1|ŵ|2(1 + α(ν + iω)) dω dξ ≤ C1 + 
∫
Rd
ĝ(1 + α(ν + iω))ŵ dω dξ. (+)
C
   
9 % 
λ̂2 = |ξ|2 + ν
2(1 + αν) + (−1 + αν)ω2
|1 + α(ν + iω)|2 and λ̂
2 =
2νω + αω(ν2 + ω2)
|1 + α(ν + iω)|2 .
2
   ν 	  να = 1D %  

λ̂2 = |ξ|2 + 2
α2|2 + iαω|2 and λ̂
2 =
ω(3 + α2ω2)












  (+)9 arg λ̂ 
  [0, π/4] 
  
 λ̂   
 7	  H9 %
 " |ξ| + |ω|  1  "% 
  
7	 /






|2 + iαω|2(1 + |ξ| +√|ω|)|ŵ|2 dω dξ ≤ C1 + ∫
Rd
|2 + iαω||ĝ||ŵ| dω dξ.





|2 + iαω|2(1 + |ξ| +√|ω|)|ŵ|2 dω dξ





1 + |ξ| +√|ω| dω dξ.
(+1)
  γ 	  γ < 2C9  
 g 
  L2([0,∞);H1/2(Rd−1)) 
    





       (ux1 + αux1t)(0, ·, ·)   	
  
  3 H−1/2,−1/4
 
(Rd−1 ×
[0,∞)) 6"     <
 
 %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 	  u    

	 
 " () (+) 
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 " (,) %   
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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 	

  x1 = 0 
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 (x2, x3, t) 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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 
  * 3 9  r+ = max(r, 0)9 %
3 u  uε %    	 
 "  "% 
 3
 H 3/
ρutt −A0u − A1ut = f, x ∈ Ω, t > 0, (+)
%   
   



















t) = 0. (++)
N  Qτ 
 Iτ % <
  (1)
  	   W = {u ∈ H1
 





 > 0 	  
  









   τ ∈ (0, T ) 
  








ρutt · v dx dt +
∫ τ
0












f · v dx dt.
(+1)
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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  (+) (++) 6  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   	
 f   L2
 
(
[0,∞);L2(Ω)) v0  H1(Ω) 
 v1 
L2(Ω) "	   
 > 0  ut 
 ∇u 
   L∞
 
([0,∞);L2(Ω))
∇ut    L2
 
([0,∞);L2(Ω)) 
 (u1(0, ·, ·))+/
√
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 C2 	 ∫
Ω
anijklεkl(z)εij(z) dz ≥ C1
∫
Ω
|∇z|2 dz − C2
∫
Ω
|z|2 dz, n = 0, 1.
$ fut 
     |f |2/(2γ) + γ|ut|2/29 γ > 09 
 	 
  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≤ C(1 + T ).
B
"	  
    	 
   	    

'$ 	 	      T  f 
	  t ≥ T   	 

 f 
	 	   


   	
 f   L2
 
([0,∞);L2(Ω)) v0  H1(Ω) 
 v1 
L2(Ω) "	   
 > 0 	 
 (u1(0, ·, ·))+/
    	 

 
  IT 
! : ϕ   	 J "	
 
9 %  




  	 R > 0 
 
  	  "  3 "  	 R+1
 	 3 (+)  ϕ 
 %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t)εij(ϕ) dx dt =
∫
Qτ
f · ϕdx dt.
$  3	 |zy| 





















∣∣(σ0ij(u) + σ1ij(ut))εij(ϕ)∣∣ dx dt + ∫
Qτ
|f · ϕ| dx dt.
(+)
 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	     
   " (+)   	
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  : +
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   	
 f  v0 




Ω)) H2(Ω) L2(Ω) "	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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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(A0u) · (A1u) dx dt−
∫
Qτ
f · (A1u) dx dt.
(+)
   ∫
Qτ
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 
9 %  ∫
Iτ
|σ01j(u)|2 dx′ dt ≤ C
(∫
Qτ







 "  v 
 
  H1(Ω) 
 A1v 
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  L2(Ω)9 %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|A1u(·, t)|2 dx. (+)
$ 
  (+) (+) 
  
 ut · (A1u) 
     |ut|2/(2γ) +
γ|A1u|2/29 γ > 09     3    








F (τ) ≤ 1
2
F (0) + (2 + C)
∫ τ
0











|ut(·, τ)|2 dx + ρ
∫
Ω
















dx′ + (1 + C)
∫
Qτ
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 ργ < 19 %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 f   L2
 
([0,∞);L2(Ω)) v0 H2(Ω) v1  L2(Ω)
"	  
 β > 0 utt A
1ut 
   L
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 3 
 9 % 	 3 u   	J "	
 
 ϕ(x1) ∈ C∞([0,∞)) %    7	  0

 x1 ≤ −β 
  1 
 x1 ≥ −β/29 β > 0 ;<

v(x1, ·, ·) = ϕ(x1)u(x1, ·, ·). (++)























 (+1)9 % 
vtt − A0v − A1v = g˜, (+2)
% g˜εi = ϕfi − 2ϕx1(a0ijklεkl(u) + a1ijklεkl(ut))− ϕx1x1(a0ijkluk + a1ijkluk,t) 6
'






w = vt and g
 = g˜ + A0v. (+)
 	 	 (+)  
 (+2)9 %  

wt −A1w = g. (+)





([0,∞);L2(Ω))    3	39 % 	 
 3 (+)  wεt D %  
   .3 
  Qτ 9 %  
∫
Qτ
|wt |2 dx dt−
∫
Qτ
(A1w) · wt dx dt =
∫
Qτ
g · wt dx dt.
$ ∫
Qτ
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  g ·wt 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 
 |g|2/2 + |wt |2/29 % ∫
Qτ
|wt |2 dx dt + C1
∫
Ω
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  	 3 (+)  A1w9 %  
  Qτ 9 %  
∫
Qτ
wt · (A1w) dx dt−
∫
Qτ
|A1w|2 dx dt =
∫
Qτ





 g · (A1w)  




|A1w|2 dx dt + C1
∫
Ω
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    	
 f   L2
 
([0,∞);L2(Ω)) v0  H2(Ω) v1 
L2(Ω) "	 	  




 () 	 
 	   
   	 
 

   (+)(++)
! : ϕ ∈ C∞0 (Ω¯ × [0,∞))   "	
 
 %  '   	 %
 0

 1  	33   v 
  K *	 3 





























ρut · (ϕ(v − u))|τ0 dx−
∫
Qτ













f · (ϕ(v − u)) dx dt.
(+1)
  	 " : + 
 +2   .   	7	
9  

  u9 	 
uε ⇀ u in L2
 
([0,∞);L2(Ω)) weak ∗, (+2)
uεt ⇀ ut in L
∞
 
([0,∞);L2(Ω)) weak ∗, (+2)
∇uε ⇀ ∇u in L2
 
([0,∞);L2(Ω)) weak ∗, (+2)
Anuε ⇀ Anu in L∞
 
([0,∞);L2(Ω)) weak ∗, n = 0, 1, (+2)
∇uεt ⇀ ∇ut in L2 ([0,∞);L2(Ω)) weak ∗ . (+2)
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ϕ  ϕR  
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  %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 	  v0 




  	 
   t 	 	
 	 
  z 
 zt 
Σ 


















  H3(Rd × [0,∞)) 	 
Z|Rd×{0} = v0 
 Zt|Rd×{0} = v1    	J "	
 
 ϕ ∈ C∞([0,∞))
%    7	  1 
 [0, 1] 
  0 
 [2,∞)9 
 % <
 z     
 "
ϕ(x)Z(x, t)  Ω× [0,∞) 

 		  v0   H





([0,∞);L2(Ω)) * z 
   
 '+, 






  u¯(0, ·, ·) = z(0, ·, ·) "	 	

 g¯ = −(a011klεkl(u¯)+ a111klεkl(u¯t))
∣∣
Σ×[0,∞)    




([0,∞);L2(Σ)) - 	  K > 0 	 	
 e−Ktg¯ ∈ L2(Σ× [0,∞))
! : ζ = u¯− z   	 
 "  "% 
 3/
ρζtt − A0ζ −A1ζt = F, x ∈ Ω, t > 0, (+)
% F = f − ρz¨ +A0z +A1zt %   





 ζ(0, ·, ·) = 0 *	 3 
 (+)  ζt 
  
 




 	  	  ζt 









([0,∞);L2(Ω)) !" % 	 3 (+)  A1ζ 9 %  	
 A0ζ 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 3" "
: +2 C
   
9 % ∫
Qτ
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"9 % 	 3 (+)  A1ζt9 %  
  Qτ 9 
 

































F · (A1ζt) dx dt.
$ 
  -
%K 9  .  K > 0 	 ∫
Qτ
|A1ζt|2 dx dt ≤ CeKτ
(
|F |2L2(0,τ ;L2(Ω)) + |ξt(·, 0)|2H1(Ω) + |ξ|2L2(0,τ ;L2(Ω))
)
.
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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%  
1
#  	 	
 3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  
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 
 2 $ 	  :3 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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 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  0 " t ≤ 0   J
 v = e−νt(u − u¯)D 
    <
ρ(ν + ∂t)
2vi − ((λ0 + μ0) + (λ1 + ν1)(ν + ∂t)) div v





  {x1 = 0}
(μ0 + νμ1)(vj,x1 + v

1,xj
) + μ1(vj,x1t + v

1,xjt
) = 0, j = 2, 3, (+B)
(λ0 + λ1(ν + ∂t)) div v
 + 2(μ0 + μ1(ν + ∂t))v

x1










v(·, 0) = 0 and vt(·, 0) = 0. (+,)
!" v    3   	 





  (x′, t) 




  ξ 
 ω  	  
" x′ 
 t 
  η  	   " x19 %     /






+ (μ0 + μ1(ν + iω))(|ξ|2 − η2)v˜ = 0.
(++)
7	 
 (++)     
  " 7	 





η21 = |ξ|2 +
ρ(ν + iω)2







η22 = |ξ|2 +
ρ(ν + iω)2







η23 = |ξ|2 +
ρ(ν + iω)2







% ξ⊥    
 " ξ    
 " π/2   ηi    	
 
 





" " v %  3   

    $ v 
 v˜  3
  	 
9 v̂    3D "9   
 
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	 " "  "
eηix19 
 	9   	 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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 θi ;<
 v
 = (v1, (v





      	
 
  
 (+B)9 %  

(v̂)′x1(0, ξ, ω) = −iξv̂1(0, ξ, ω). (+++)
= 
 (++)  
 (+++)9 %  
"   x1 = 09
iξ⊥η2θ1 + iξη3θ3 = −iξ(θ2 + η3θ3),
	       θ1 = 0 
 θ2 = −2η3θ3 	  
 (++) '
 
x1 = 0 
 	  	  θ3 = −v̂1(0, ξ, ω)/η3  
9 %  

v̂(x1, ξ, ω) = 2v̂

1(0, ξ, ω)φ2e
η2x1 − v̂1(0, ξ, ω)φ3eη3x1/η3. (++1)
$  	 
 (++1)9  " 
   " (+B) 
  % 
   3	 "

	 
/  " % 3"  	  
" "  " 




v̂1,x1(0, ξ, ω) = (2η2 − η3)v̂1(0, ξ, ω) and (v̂)′(0, ξ, ω) = −iξv̂1(0, ξ, ω)/η3,
%  

((λ0 + λ1(ν + ∂t)) div v
 + 2(μ0 + μ1(ν + ∂t))v

1,x1
)̂(0, ξ, ω) = b̂v̂1(0, ξ, ω)
%
b̂ = (λ0 + 2μ0 + (λ1 + 2μ1)(ν + iω))(2η2 − η3) + (λ0 + λ1(ν + iω))|ξ|2/η3.





b ∗ w1 = e−νtg¯ −
(

















     u1 	 	

u1(0, ·, ·) ⇀ u1(0, ·, ·) weakly in H1/2,5/4
 
(Rd−1 × [0,∞)).
- u  
    (,)
!  
  ψ̂ 
 ĝ  3  	  
" " ψ = λ0 + 2μ0 +
(λ1 + 2μ1)(ν + ∂t) 
 g = e
−νtg¯ *	 3 
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−ρ(ν + iω)2 − 2|ξ|2(μ0 + (ν + iω)μ1)







 b̂ = ψ̂(2η2 − κη3) 








 ω 	  (2η2 − κη3) ≥ |h| !" % 	 
|ξ| + |ω|  19 %  %   
   
   	 '
  |ξ|





































   9 % 	33 |ξ|2 + 2ρ(νμ1 − μ0)/(μ1)2 ≤ 0D 







(μ1 + νμ0)2 + (μ0)2
,
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7	  
 " |η2|2 ≥ C|ω| 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Rd
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